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Nonlinear effects are known to occur in Compton scattering light sources, when the laser normalized 4-
potential, A = e+/—A,A#/myc approaches unity. In this letter, it is shown that nonlinear spectral features
can appear at arbitrarily low values of A, if the fractional bandwidth of the laser pulse, A¢~', is sufficiently
small to satisfy A2A¢ ~ 1. A three dimensional analysis, based on a local plane-wave, slow-varying envelope
approximation, enables the study of these effects for realistic interactions between an electron beam and a laser
pulse, and their influence on high-precision Compton scattering light sources.

PACS numbers: 07.85.-m, 41.60.Cr, 41.60-m, 42.72.-g

Rapid advances in terawatt—class laser technology [1] and
high-brightness, high-gradient electron accelerators [2] are
enabling the development of a new type of light source based
on Compton scattering [3], where relativistic electrons inter-
act with a coherent photon field to generate bright, ultrafast,
tunable x-rays and y-rays [4, 5]. These compact sources are
a natural complement to larger-scale 3"¢ and 4" generation
light sources [6], and provide a mean to generate MeV-scale
photons with unprecedented spectral brightness.

Among other important features, such as wide tunability
and ultrashort pulse capability, Compton scattering x-ray and
y-ray sources offer the potential of generating highly corre-
lated, narrow-band radiation in a very small solid angle. This
characteristic is desirable for a number applications, including
nuclear resonance fluorescence (NRF) [7] or protein cristal-
lography [8]. Therefore, the focus of this work is the physical
origin of spectral broadening mechanisms in Compton scat-
tering, with a special emphasis on nonlinear effects and re-
coil, and their influence on the performance of high-precision
Compton scattering light sources.

In this letter, four novel results are presented. 1) A new
derivation of the nonlinear electron dynamics in a plane-wave
is described. 2) A covariant form of the radiation formula
is given, including a quantum correction term shown to yield
the proper recoil for the interaction, along with a gauge in-
variant, covariant definition of the 4-polarization [9]. 3) We
demonstrate that, while nonlinear effects are known to occur
in light sources when the wiggler parameter, of normalized
4-potential A = e \/—A,A#/myc, approaches unity, nonlinear
spectral features can also appear at arbitrarily low values of
A, if the fractional bandwidth of the laser pulse, A¢‘1, is suf-
ficiently small and satisfies the condition A’A¢ =~ 1. 4) A
fully three-dimensional (3D) analysis of nonlinear effects in
the long-pulse regime is given, based on a local plane-wave,
slow-varying envelope approximation.

The Lorentz force equation is: du,/dt = —(8,A, —0,A,)u”;
u, = dx,/dt is the electron 4-velocity, and A, is the radiation
4-potential. If /—A,A* = A << 1, this equation can be solved

by perturbation: let u, = uﬁ + ”;11 + ..., where u; oc A™;

a; gy V
E = —(@,AV - aVA#)MO..., 7 = —(6ﬂAV - 6VA/1)Mn. (1)
Here, u® corresponds to ballistic electron trajectories, re-
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flecting covariance. This system can be solved in momentum
space, where dynamical quantities are Fourier transformed as:
4m f(x) = [ f(k,)e™~ d*k. Diagonalizing the system, the 1*'
order yields [8]: ﬁ}likvdx"/dr = —ugi(k,,Av - kVAy). Approx-
imating dx”/dt = u” by uy to balance the perturbation order,
Ay

o

In the case of a plane wave, let us show that the 2nd op.
der solution corresponds to the exact nonlinear solution [10],
while all other perturbation orders are null. In Fourier space,
uﬁi2kvdxv/dr = —i(k,A, — k,ADIA” — K" (Au})/(kaud)]. The
factor 2 on the left hand side corresponds to the 2"¢ harmonic.
To keep the order in A" balanced, dx”/dt =~ ug; contracting
terms, one obtains:
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Using k,A” = 0 (Lorentz gauge), and k,k” = O (dispersion

relation), ufl = —kﬂ%. Using the same approach for higher
vty

order terms, we have uﬁnikvug = —i(k,A, — k,A)u

ticular,
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for the 3¢ order. All perturbation orders are null beyond
n = 2, and we recover the exact nonlinear plane wave solution
[10]: u, = u2 + Ay = ku[AA” + 2ug) [ 2K ug ]

Nonlinear spectra can be derived from this result: the co-
variant radiation formula describes the number of photons
scattered per unit frequency and solid angle:

+00
—q, v
f e dr
—00

a is the fine structure constant; m, and g, are the 4-
polarization and the 4-wavenumber of the scattered radiation;
x,(7) is the electron 4-trajectory. For an incident plane wave,
itis useful to use the electron phase, ¢ = k,x*, as the indepen-
dent variable. Contracting u, by k,, the incident light cone

3k, = —i(k, Ay — kyAyily) = ik, A, — KAy )k,

d*N o« 2
dqdQ ~ a2
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variable [11], « = d¢/dt, is shown to be constant: k = kﬂu’g.
Eq. 4 now reads:

d’N _aq
dqdQ ~ 4n? g
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To account for recoil, consider a monochromatic incident
plane wave with vanishingly small amplitude a,Aoe’; adding
the quantum correction Ak, yields u, = kdx,/d¢ = u) + A, —
k Ayug

e
Here, 1 = hi/myc is the reduced Compton wavelength of the

electron. Defining the incident 4-p01arizati0n in a covariant,
A ”0

(A = k), the

+ Ak,, which integrates to x, — x) = &' (ul) + Ak,)¢.

gauge invariant manner [9], as €, = \/W

‘]wmeMU—ﬁ%ﬂ5d¢
(6)

Eq. 6 contains the coherence factor [12], the dipole radia-
tion pattern, and a Dirac delta function spectrum centered at
a frequency satisfying the condition: « — 1 = Ag,k*, where
A= qﬂug is the scattered light cone variable [11]. Importantly,
this condition satisfies the Compton formula [3]: considering
energy-momentum conservation, we have: u)+ 1k, = v,+1qy,
where v, is the electron 4—velocity after the interaction. Since
vt =1, [u2 + Ak, — g)lufy + Ak — ¢*)] = 1, the sought
after result is obtained using uou” =1, k,k* = 0 and q,4" = 0.
Moreover, in the classical hmlt where /T — 0, the Thomson
scattering formula is recovered. Eq. 5 can now be used to
study nonlinear spectra. First, let A, = Ay(ay sin ¢+0b,, cos ¢)
with aya* = b,0* = -1 and aq, " = a,k* = bk* = 0;
o = 0, x1 correspond to linear or circular polarization states.
Contracting the 4-trajectory with the scattered 4-wavenumber
leads to the nonlinear phase in the radiation formula:

scattered radiation spectral density is:
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The average is over a cycle; the non-zero average of the 2"
harmonic motion corresponds to the dressed electron mass.
Eq. 7 can be understood by examining its periodicity: the
first and second terms are periodic in ¢; the linear term in ¢
becomes periodic if the resonance condition K‘lﬁ(uﬁ + Ank, +
%K’lkﬂ<—AVA")) = n € N is satisfied. This defines a series of
harmonics: nk — A =k q*'(n/l+ 1K"k (—A,A”)). For head-on
collisions, k, = (k,0, 0 k), u, = (coshp,O 0, —sinh p); and on
axis radlatlon 4 = (4x,0,0,gy), one finds: g, = nke® /(1 +

(=A,A”Y +2ePnik), where e is the Doppler upshift; (-A,A”)
is the radiation pressure; and 2efn.ik is the recoil term.

It is well worth comparing this result with the nonlinear
multi-photon Compton formula. 4-momentum conservation
yields: u, + A(k}, + k. + ...k%) = v, + Aq/i. For coherent plane
waves, k}l = ...k, Wthh leads to considerable simplification:
Vy = Uy +/T(nk,, —q,,)- Taking the square of this expression, and
assuming the fact that u,u* = v, »* = 1 and k,k* = qui,‘ =0,
we first have u*(nk, — q;,). Now replacing u, by the nonlinear
solution derived earlier:

AA” + 2u0AY
(u2 +A, - kﬂTgkv) (nk* — gi) = nk,qh;  (8)
k,
0
nuﬂk” —( # W)Lf‘ an qﬂ

Comparing this result to the previous resonance condi-
tion clearly establishes the connection between harmonics and
multi-photon interactions.

In the case of a plane wave with an envelope, g(¢) , it can
be shown that for on-axis radiation, the linear transverse os-
cillations do not contribute to the radiation phase if the wave
is counter-propagating with respect to the electron. The total
phase is:

® = g ) = Siguad + 2,8 ©)
Clukﬂ 2 2 ) 2 2
+ A} f 2 (@)(sin’ ¢ + o cos® p)de.
2k2

Furthermore, an exact analytical result can be obtained for
a circularly polarized hyperbolic secant pulse, where g(¢) =

sech(A%):

b
D - %(ug + P = —k Lo sech? (é)mﬁ (10)

quk” é
1 + tanh (A¢ )]

= 2 >

This clearly shows the A(Z)A(ﬁ scaling of the nonlinear phase.
Choosing the interaction region so that k, = (k,0,0,k), u, =
(coshp, 0,0, - sinhp) and g, = (g, 0,0, —¢), the radiation in-
tegral reads:

L AN

d°N a x
dgdQ ~ 42k (i

n lXAzA¢f°°xsin¢+ycos¢ . ] A2 Adtanh -2
X [Age™o R —cosh(¢/A¢) exp iy |¢(1 +r) + AgAgtan

12)

Here, y = ge? /k is the normalized Doppler-shifter (Thom-
son scattering) frequency, and r = 21ke” is the recoil. we note
that for linear polarization, A3 can be replaced by < A >=

%Ag. Two changes of variable lead to an analytically tractable

sl



integral [13]; first, let x = e%/2?; next, set 7 = (x* — 1)/(x* + 1),
to obtain:

d*N

dqdQ

a X
Ry

(13)

diation pressure. To accurately simulate realistic interactions
between a high brightness electron beam and a laser pulse, and
study their influence on high-precision Compton scattering
light sources, a fully 3D code is required. For long, narrow-
band laser pulses, a direct approach, accounting for fine de-
tails in the correlated electron beam phase space [15], is com-

utationally intensive. Instead, one can take advantage of the

1 1L Y X ) .
‘ f (1 + z) 27 280nll (] _ /=5 + 3 M0Man2l(y 4 lX)E'AUMXZdZEIOW-VMymg pulse envelope, paraxial, and weakly nonlinear
-1

A¢

1 (2iA A¢X)| sechz{ (1 + )+ 1]}

o

10}

o

(xr-1A¢

—201

o

—30¢

1
Z(ADAY
T

FIG. 1. Scale invariant nonlinear spectrum

Here, L,(x) is the n™ Laguerre polynomial [14]. The be-
havior of this solution is shown in Fig. 1, where the scale-
invariant nonlinear spectrum is plotted as a function of < A(z) >
A¢/n , and Ag[y(1 + r) = 1] . The downshifting due to ra-
diation pressure is evident, and the number of spectral lines
is equal to the nonlinear phase accumulated over the pulse,
A%A(f)[limq,_proo tanh(¢p/A¢ —[limy_,_ tanh(¢/Ad)] = 2A(2)A¢,
divided by 2x . In addition, the amplitude of the main spectral
line first scales quadratically with Ag , then reaches a maxi-
mum, and slowly decays, as the scattered energy is distributed
over an increasing number of spectral lines. The underlying
physics can be understood as follows: the inhomogeneous ra-
diation pressure leads to a slow dephasing between the elec-
tron and the scattered radiation that accumulates over the en-
tire interaction; if the nonlinear phase integral is large enough,
interference effects result in discrete anharmonic lines. Alter-
natively, one can think of this process as a competition be-
tween the bandwidth of the laser and nonlinear dephasing: if
the laser spectrum is narrow enough, one can resolve increas-
ingly small nonlinear effects.

We now focus on the interplay between 3D effects, the
electron phase space, and the nonlinear inhomogeneous ra-

pproximations to develop a local plane-wave model leading
to analytical expressions for the electron 4-trajectory. The cor-
responding three small parameters are: Ap! e = (kowo)™',
and Ay , respectively. For large Doppler upshifts, these condi-
tions ensure that the particle excursions from ballistic trajecto-
ries are very small compared to all other scales characterizing
the system. In turn, this allows the use of a local plane wave
model, where all dynamical variables become functions of ¢
: the 6-dimensional input phase space specifies a ballistic tra-
jectory for a given electron,x!(¢) = x + ¢(u'/x;) ; all other
dynamical quantities are evaluated along this 4-trajectory.

A Fourier transform-limited Gaussian laser pulse and a 6-
dimensional uncorrelated Gaussian electron beam phase space
are modeled here to provide a baseline example; the gen-
eral method will be the object of another paper. The three-
dimensional electromagnetic fields are generated from the
vector G, by taking A = V X G, thus ensuring a divergence-
free potential vector satisfying the Coulomb gauge. The elec-
tric field is given by E = —9,A , while the magnetic induction
is B = VX A . In the case of a Gaussian pulse propagating
paraxially along the positive z-axis, focused cylindrically, and
polarized along the x-axis, the generating function is [16]:

S22 r?
Gy =Ape 2 2 cos|—¢ -z
Y 1+722

—atan(z) | /ko V1 + z2.

(14)

Here, Ay is the amplitude of the vector potential; kg = wp/c
is the central wavenumber of the pulse. Space-time coor-
dinates are normalized as follows: r — r/wy, z — 2z/z0,
t — ct/z0, 20 = %kowg is the Rayleigh range, wy is the fo-
cal waist, ¢ = wot — koz is the phase, and A¢ = wyt . Using
both the slow-varying envelope and the paraxial approxima-
tions, and systematically neglecting higher order terms, the
4-potential is derived. Replacing all space-time coordinates
by their values along ballistic trajectories, the local 4-velocity
can be evaluated by keeping terms of order Ay, Ae, €, and A2
for example, the component parallel to the polarization is:

exp |- 5 - £
ux(¢) = uy+Ag m (15)
Z
up  x(P)z(e)
hrae Yo — Uz 1 +Z(¢)Z} n=g =@l

where i = —z[r2/(1 + z)] + atan().

Fig. 2 shows typical trajectories and radiation pressure inte-
grals obtained using this approach. Beyond this point, the flow
of the 3D code can be summarized as follows. All dynamical
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FIG. 2. Top: transverse electron momentum as a function of phase.
Simulation parameters: yo = 100, Ay = 0.01, A¢ = 200, x; = y; =0,
Zi = =2, Uy = uy = 0.01, € = 0.01(blue), € = 0.025(red). Bottom:
corresponding non linear radiation pressure integrals.
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FIG. 3. Top: (blue) laser pulse seen by the electron and (red) non-
linear radiation pressure. Bottom: corresponding linear (blue) and
nonlinear (red) spectra. Parameters are the same unless noted. Left:
Yo =500, Ag = 0.05, Ag = 20000, x; = y; = tyo = tyo = 0, 7 = 2,
€ = 1/500; right: € = 1/50.

quantities are separated into slow-varying components and pe-
riodic functions; integrals over the phase are performed using
the approximation: [ fpd¢ = (p) [ fd¢ + f [(p — (p))d¢.
where p(¢ + 21) = p(¢), and where the average is defined as
(p) = % f_’; pd¢ . For harmonic functions, f(p—(p))dgb is an-
alytical, while the integral over f can be performed efficiently
because it is a slow-varying function. This approximation is
used to evaluate the 4-trajectory and the radiation integral. For
situations dominated by diffraction (Fig. 3 left), the Fourier
transform of the asymmetric Lorentzian envelope yields com-
plex nonlinear spectra. Finally, for a 6N-dimensional distribu-
tion of input particles in phase space, the radiation is obtained
by incoherent summation; linear (blue) and nonlinear (red)
spectra are shown in Fig. 4. Full 3D trajectories are used for
all cases, the linear spectra are calculated from the ballistic
phase %(uf + k)¢ only. Even for A3 = 2.5 x 10* << 1,
the difference between linear and nonlinear spectra is clearly
established, both for for an idealized electron beam and for a
realistic case.
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FIG. 4. From top left, clockwise. All parameters are the same unless
specified: Benchmark case: A] = 107, A¢g = 10000, e = 1/2000,
Ao =532 nm, At = 2.5 ps, yo = 500, Ay/yp=0.01%, €, = 1077, r, =
20 pum. idealized case: Aé = 2.5 x 1073, Realistic case: A(Z) =25x%
1073, € = 1/250, Ay/y9=0.1%, €, = 107°. Diffraction dominated
case: A3 =2.5x 1073, € = 1/20, Ay/7y=0.1%, €, = 1075.
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